CHARACTERIZATIONS OF ALGEBRAS OF RAPIDLY DECREASING 

GENERALIZED FUNCTIONS 



C. BOUZAR AND T. SAIDI 

Abstract. The well-known characterizations of Schwartz space S of rapidly decreasing func- 
tions is extended to the algebra Qs of rapidly decreasing generalized functions and to the algebra 
of regular rapidly decreasing generalized functions. 
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The Schwartz space S of rapidly decreasing functions on and its generahzations, in view 
of their importance in many domains of analysis, have been characterized differently by many 
authors, e.g. see [10], fTSj, [17\, [1], [1] and [H]. To built a Fourier analysis within the generalized 
functions of [5], the algebra of rapidly decreasing generalized functions on M", denoted Qs, was 
first constructed in [18] and recently studied in [8] and [7]. The algebra of regular rapidly 
decreasing generalized functions on M", denoted Q^, is fundamental in the characterization of 
the local regularity of a Colombeau generalized function by its Fourier transform and also for 
developing a generalized microlocal analysis. 

Let 



S* = {f eC^ -.Wae Zl, sup < oo 



5, = <J / G C°° : V/? G Z*^, sup Ixf^f {x)\<oo 

xGM" 



then, inspired by the work of [15], the authors of ^ proved the following result 

s = s*ns. 



j_| ■ The aim of this work is to characterize the algebras Qs and in the spirit of the char- 

^ acterization of the Schwartz space S done in P]. In fact we do more, this characterization is 

given in the general context of the algebra (Q) of 7^— regular rapidly decreasing generalized 
functions on an open set fl of M", see [^ and j^. The sixth section of this paper gives such 
an extension, i.e. the characterization of the algebra Q^^ {Q) provided is a box of M". The 
seventh section gives a characterization of (M") of 7^— regular rapidly decreasing generalized 
functions on the whole space using the Fourier transform. The last section, as corollaries of 
the results of the paper, gives the characterizations of the classical algebras Qs and 
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2. Regular sets of sequences 

We will adopt the notations and definitions of distributions and Colombeau generalized func- 
tions, see [Ej and [I3j . 

Definition 1. A non void subset TZ o/R^^ is said to he regular, if 



For all (A^m)mez+ ^ ^ ^'^^ ^ ^here exists (A^m)mez+ ^ '^'"^^ ^'^^^ 

(Rl) iV„+, + A;' < iV;„ , Vm G Z+ 

For a// ci?^(i i^Dmez+ i/iere ea;^sfo (^"m)mez^ ^ such that 

(R2) max (iV„, N'J < iV"„ , Vm G Z+ 

For a// (^m)mgz_|_ a^^c^ (^m)mgz+ i/iere ex^5fo (^"m)™^^^ G 7?. such that 

(R3) AT,^ +K < N"i,+i, , V(/i,/2) G 



Example 1. The set ]R_|_+ of all positive sequences is regular. 
Example 2. The set A of affine sequences defined by 

^ = {(^-)„eN e : 3a > 0, 36 > 0, V/ G Z+, A^^ < a/ + 

regular. 

Example 3. The set B of all bounded sequences o/R^"*" is regular. 

The notion of regular set is extended to the sets of double sequences. 

~ I? 

Definition 2. A non void subset TZ o/R_,_^ is said to be regular if 

For all /)gz2 ^ ^ ^"''^ {k,k',k") G Z^, there exists {^q,i) ,g i\^'^2 ^ such that 



(Rl) N,+k,i+k' + k" < iV;, , V (g, G Zl 

For all ^'^^ i^g,i) {q ' ^^^'"^ ex^sfo ^ '^'"^^ ^^^^ 

(^2) max {N,^u K,i) < N%,i , V (g, /) G Z^ 

91+92, 'l+'2 ' ^ {qi,q2,h,l2) e Z+ 



Example 4. T/ie set M_,_^ o/ a// positive double sequences is regular. 

Example 5. The set B of all bounded sequences o/R_,_^ is regular. 

The following lemma, not difficult to prove, is needed in the formulation of the principal 
theorem of this paper. 

Lemma 1. Let TZ be a regular subset ofR^, then 

(i) The subset TZ^ := |a^.,o : N G is regular in R^^. 

{ii) The subset TZq := < A^o,. : G 7^ i is regular in R^"*". 



characterizations of algebras 
3. The algebra of 7^-regular bounded generalized functions 

Let 



and TZhe a regular subset of ]R_,_^ , if we define 

Sf. (n) = \{u,)^ G S* ■.3N enyae Zl,snp\d''u,{x)\ = 0(e-^l"l) ,e — > ol , 
t xen ) 

Mf, {9) = {(tie), G S* {nY -.yN e n,ya e Zl,snp\d''u,{x)\ = 0(e^l"l) ,e — > o| , 
[ x^n ) 

wliere / = ]0, 1] , then the properties of (fi) and A/J^ easy to verify, are given by the 
following results. 

Proposition 2. [i] The space (fi) is a suhalgehra of S* (Vl)^ . 
{ii) The space N"s* (^) is an ideal of S^, (Q) . 
{Hi) We have A^J^ (fi) = Ms* (fi) , where 

A(s. (fi) = \{u,)^ G S* (fi)^ : Vm G Z+,Va G Zl,snp\d''u, (x)| = 0(e'"),e — ^ 

We have also the null characterization of the ideal As* (^) provided f2 is a box. 
Definition 3. An open subset fl o/R" is said to be a box if 

n = II X I2 X ... X I„, 

where each Ij is a finite or infinite open interval in M. 

Proposition 3. Let Q be a box, then an element (ue)^ G (Q) belongs to A/5* (fi) if and only 
if the following condition is satisfied 

(1) Vm G Z+, supine = ©(e'") , e — ^0 

xen 

Proof Suppose that (u^)^ G S^'* (Q) satisfies ([T]) . It suffices to show that (diU^)^ satisfies the 
Afs* estimates for all i = I, ..,n. Suppose that is real valued, in the complex case, we 
shall carry out the following calculus separately on its real and imaginary part. Let m G Z+, 
we have to show 

snp\diU,{x) \ = 0(e'^), e — ^0 

xeQ 

Since (mJ, G Sf- (^) > then 

(2) 3N G 7^, sup \dfu, {x)\=0 {e'^^) , e — >0 
Since (mJ^ satisfies ([T]) , we have 

(3) Vm G Z+, sup \u, {x)\ = [e^^+^"') , e — >0 

xGQ 

By Taylor's formula, we have 

{x + e^^+'^Ci) = (x) + diU, {x) e^^+™ + {x + ^e^^+^^e,) e^C^Va+m)^ 
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where ^ G ]0, 1[ and e is sufficiently small as is a box. It follows that 

\diU, {X)\ <\ujx + e^^+'^Ci) I e-^2-m + (^)| ^-m-m ^ ^N2+m \q2^^ / ^ ^e^^+m^.N I 

^ V ' ' v ' ^ ' 

(*) {**) (***) 

From ([3]) , we have (*) and (**) are of order O (e™) , e — > 0; and from ([21) , we have (* * *) 
is of order O {e"") , e — ^ 0. □ 

Definition 4. LetlZ he a regular subset of^_^ , the algebra of TZ— regular bounded generalized 
functions, denoted Q^, [Vt) , is the quotient algebra 

Remark 1. When TZ is the set of all positive sequences the algebra Q^, is denoted by 
(^) in [2] and [6] as it is constructed on the differential algebra Dioo(f2) of Schwartz [19\ . 
So it is more correct to write Q^oo (fi) instead ofQ^, (Q). The null characterization of negligible 
elements of Q loo in the case = W^ is given in [9j. 

4. The algebra of 7^-regular roughly decreasing generalized functions 
Let 

S,{n) = If eC°°in) ■.\/(3 eZl,sup\x'^f{x)\ <ool, 
and 7^ be a regular subset of , if we define 

t x&n J 

Mf^ (P) = l{u,)^ e -.yN eny(3e Z^^snp |xV {x)\=0 (e^'^i) 

then the following properties of (Q) and A/J^ (Q) are easy to verify. 

Proposition 4. (z) The space £g'^ {Vl) is a subalgebra of (Q)^ . 
(ii) The space [fl) is an ideal of E^g^ {VL) . 
{Hi) We have A/^J (il) = Ms, (fi) , where 

TV's, (fi) = \{u,)^ e S,{ny : Vm G Z+,V/? G Z!^,sup = O (e™) , e — > 

[ sen 

The following proposition characterizes A/^, (Q) 

Proposition 5. Let (mJ^ G (fi) , i/ien (uj^ G A/^^ if and only if the following condition 
is satisfied 

(5) Vm G Z+,sup|ii, (x)| = 0(e™) , e — >0 

Proo/. Suppose that (Me)^ e (^^) satisfies ([5]) , since (u,)^ G 6"^ (^]) , then 3A^ G 7^, V/? G Z*]:, 

sup \x'^^u, (x)| = O (e"^2|^i) ^ g — , 
x£n 

From (j5]) , we have 

Vm G Z+,sup \u, ix)\ = (e^^+^^i/si) ^ ^ — , g 



, 
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Therefore Vx G 

|a;V(a:)|'= jx'^M, (x) | |u, (x) | = O (e'™) , e 0, 

hence 

Vm G Z+, |x^^/, = O (e™) , e — > 



□ 



Definition 5. Let TZ be a regular subset ofM._^_^, the algebra of TZ— regular roughly decreasing 
generalized functions, denoted [Vt) , is the quotient algebra 

, . (^) 



Remark 2. The C°° regularity in the definition of elements of {Vt) is not in fact needed in 
the proof of the principal results of this work. 

5. The algebra of 7^-regular rapidly decreasing generalized functions 
Let 

S{n) = \f eC°^{n) :V(a,/3) G Z^",sup|x^a"/(x)| < ool , 
[ xen ) 

~ I? 
called the space of rapidly decreasing functions on fi, and let 7^ be a regular subset of M_|_"'', if 

we define 

Sf (fi) = I (m,)^ g S -.BN en, V(a, (3) G Z^*^, sup Ix^d'^u, {x) \ = O (e-^i-Li/'i) , e — . ol , 

Nf{n) = \{u,)^ eS{nY -.yN G n,y{a,p) G Z^'^,sup|x^9X(2:)| = ©(e^i-i.i'^i) ,e — >o\ , 
t xen J 

then we have the following results. 

Proposition 6. We have the following assertions 

(i) The space (fl) is a subalgebra of S (Q) . 
{ii) The space A/'J^ (Q) is an ideal of {Q) . 
(Hi) We have Nf {Vt) = A/^s i^), where 

Afs{n) = \{u,)^ eS{nY -.ym G Z+,V(a,/3) G Z^",sup|x'^a"u,(x)| = O (e'") , e — > ol 
t xen ) 

Proof. The proof is not difficult, it follows from the properties of the set TZ. □ 

. . ~ ~ 

Definition 6. Let IZ be a regular subset of^j^, the algebra of 7Z— regular rapidly decreasing 

generalized functions on Vt, denoted by [Vt) , is the quotient algebra 

Example 6. {%) For TZ = M^+, we obtain the algebra Gs i^) of rapidly decreasing generalized 
functions on Q, see 

(ii) Pour TZ = B, we obtain the algebra (Q) of regular rapidly decreasing generalized 
functions on Q, see [Sj. 
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6. Characterization of 7^-regular rapidly decreasing generalized functions 

Let us mention that the theorem of [1] can be extended to an open subset fl of provided 
f2 is a box. 

Proposition 7. If Vt is a box o/M", then 

(6) S (Q) = S* (Q) n (Q) 

Proof. The proof is the same as in [4j, noting that, in Taylor's expansion, the hypothesis that Q 
is a box assures that {xi + h, x') stays in Q for all (xi, x') G Q and h > sufficiently small. □ 

The principal result of this section is an extension of to the algebra of 7^-regular rapidly 
decreasing generalized functions. It is the first characterization of the algebra (Q). 

Theorem 8. If Q is a box, then 

of (^) = Gf: (^) n gf: (n) 

Proof We have to show that Sf (n) = Sf^' (fi) n Sf' (Vl) and Afg (n) = Afs, (n) f] Afs* (n) . 
The inclusions Sf (fi) C Sf^ (^]) n S^' (fi) and Afs (fi) C TV^, (n) f] TV^. (fi) are obvious. In 
order to show the reverse inclusions, first let (mJ, e Sf^' (Q) n (Q), then (u,)^ G S* {QY n 

5* {^lY = S {^lY ■ In order to show that (u^)^ satisfies the estimate of £^ (fi), set x = {xi,x') G 
IiX (I2 X I3 X ... X I„) := Q and consider in first the case xi > 0. For h > sufficiently small, 
a Taylor's expansion of with respect to xi gives 

(7) Me {xi + h, x') = Ue {xi,x') + hdiu^ {xi,x) + -^d^Ue (^, x') , 

for ^ G xi + /i[ . The hypothesis (u,)^ G (Q) n (Q) gives 

3L G 7^o,VA; G Z+, sup (1 + \x\Y \u, {x)\ = O {e'^'') ,e — ^ 

xi>0 

3M G 7^^ sup 1^1^, = O (e-^^^) , e — ^ 

xi>0 

We have 

sup (1 + |a;|)'' (xi + h,x')\ < sup (1 + |(xi + h,x')\Y K i^i + h,x')\=0 {e'^") ,e — ^ 

a;i>0 xi>0 

It follows from ([7]) 

h 



1 /l 

\diu^ (xi,x')| < - [|Me (xi + h,x')\ + (xi,x')|] + - \dlu, {^,x')\ 



Therefore 

sup (1 + |x|)^ \diu, {x)\=0 (e-^'=-*^2) , e — >0 



xi>0 



From (^-R3 j of definition [2] , there exists N' (ElZ such that 

Lk + M2< iV^,, , 

consequently 

V/? G sup Ix^diu, {x)\ < Csup (1 + |x|)"^' 1^1 'u, (x)| = O (e^^^.i^i) 
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If xi < 0, consider such that (x) = {—xi,x') . We see that (t>e)^ G ri£^° {Q) and 

consequently the above arguments give the existence of A^" G TZ such that 

sup \x^div^ {x)\ = sup \x^diu^ {x)\ = O (e^^' ^.i'^i) ,e — >• 

xi>0 xi<0 

Now from ^-Rl j and (^-^2 j of definition [21 there exists N eTZ such that 

max(iV^^I^|,A^"2,|/3|) < N^p^ , 

so 

sup I x^diu, {x)\=0 [e-^^'W ) , e — >0 

Analogously we show 

3N en^'ipe Z!^,sup \x'^diU, {x)\ = (e-^i'i"!) ,z = 2,...,n 

Therefore, by induction, we obtain 

3iV G :^;Va G Z^,V/5 G Z^,sup \x^d''u,{x) \ = O (e-^i-M"!) ,e — . 0, 

i.e. K)^g£:|(1]). 

Suppose now that (u^)^ G A/5, fl A/5* , then 

Vm G Z+,V/c G Z+, sup (1 + \x\ f \u, {x) \ = O (e^) ,e — ^ 

a;i>0 

Vm G Z+; sup (x)| =0 (e^) , e — 

xi>0 

We have 

sup (1 + |x|)^ \ue (xi + h, x')\ < sup (1 + + h, x')\)^ \ue (xi + h, x')\ = O (e~) , e — > 

xi>0 a:i>0 

It follows from ([7]) 

sup (1 + |x|)'= \diu, {x)\ = (e™) , e — ^ 

a;i>0 

Consequently 

Vm G Z+,V/3 G Zl, sup |x^9iMe < Qsup (1 + \diu, {x)\ = O (e™) , e — > 

xi>0 xi>0 

If xi < 0, consider such that Ve (x) = (— xi,x') as above, then we obtain 
sup \x^div^ (x)|^ = sup \x^diu^ (x) |^ = O (e™) , e — 

a:i>0 xi<0 

Therefore, by induction, we have 

Vm G Z+,Va G Z'^,V/3 G Z'[,sup |x^<9°m,(x)| = O (e™) , e — > 

Thus 7V5, (^]) n (r^) C 7V5 (^]) and consequently Of (^]) = (r^) H ^f," (^]) . □ 

The propositions [3] and [5] give the following result which characterizes the negligible elements 
of the algebra (Q) . 
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Corollary 9. If is a box, then an element {u^)^ G {Q) is in Ms {^) if and only if the 
following condition is satisfied 

Mm e Z+,sup|xi, {x)\ ^0{e"'),e — > 

7. Characterization of 7?.-regular rapidly decreasing generalized functions 

VIA Fourier transform 

The direct Fourier transform oi u & S, denoted u, is defined by 

:(0 = (27r)~2 / e-'''^u{x)dx 

Definition 7. The Fourier transform of u — [{ue)^] G Qg', denoted by Ts {u), is defined by 

Ts {u)^u^ [(iTe) J in Qf 

Renicirk 3. The inverse Fourier transform of u E S, denoted u, and the map are defined 
as usually and in the same way. 

The following proposition gives one of the main results of the Fourier transform Ts and is 
easy to prove. 

Proposition 10. The map 

Ts-.Qf^ Sf 

is an algebraic isomorphism. 
Let 



S* ^ U eC°° -.yp eZl, sup 

and let 7^ be a regular subset of M_^^ , if we define 



(0 



< oo > , 



L SeM" J 

= e 5=' : V7V e 7^^ V/3 e Z^, sup \^^u, (0| = O (e^i^i) , e ^ 1 , 

then the following proposition is easy to prove. 
Proposition 11. (i) The space is a subalgebra of S* . 



{ii) The space A/^° is an ideal of . 
(Hi) The ideal Af^ = Af^ , where 

:= e 5^' : Vm e Z, V/5 e sup |^%, (0| = O {e"^) , 6 ^ j 

The following proposition characterizes J\f^ . 

Proposition 12. Let (u^)^ G then (u^)^ G i/ and only if the following condition is 
satisfied 

(8) Vm e Z+, sup |u; (01 = O (e"') , e — ^ 
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Proof. The proof is similar to that of proposition O □ 
Definition 8. The algebra is defined as the quotient algebra 



7^o 



The next theorem is the second characterization of Q^. 
Theorem 13. We have 

Proof. Let {u^)^ G f^", then 3C > such that 



J a-eM" 



O { e-^'/3|+2n ) . , 



for some G 7^°. The continuity of from to L°° gives 

which shows that (u^)^ G and therefore Sg^ C Consequently S^°r\S^ C In order 
to show the inverse inclusion let us mention, at first, that from [1], we have 

which implies in particular that S C S*. On the other hand if (Uf) G then 

J xeR" 

= 0( e'^'w-^A , e >0 



O {e-^w,o) , e — , 0, 



I.e. 



for some G 7^°. The continuity of from to L°° gives 

which shows that (we)^ G and consequently (ue)^ G fl Thus Sg' C fl 

it follows that sf = Sf^" n Sg^' . A similar proof shows that Afs = J\fs, Cl-^s^- Therefore 

gf = gl-ng3^\ □ 

The following corollary gives a second characterization of the space A/^. 

Corollary 14. An element (u^)^ G Sg- is in Afs if and only if the following condition is satisfied 
(9) Vm G Z+, sup = 0(e™) ,e — >0 
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8. Consequences 



^2 



We know that when TZ = we obtain Qg'^ = Gs- Theorem [8] gives the following corollary 
which is a characterization of the algebra of rapidly decreasing generalized functions. 

Corollary 15. We have 

Gs = Gs* n Gs* , 

where 



Gs^ :-- 



I (Me), e S*^ : V« G Zl, 3meZ+, sup \d'^u, {x) \ = O (e"'") , e — ^ I 

1 K), G 5*^ : V« G Zl,\/m G Z+, sup la^M, = O (e™) , e — ^ I 
anc? 

(ue), G 5f : V/3 G Zl, 3m G Z+, sup Ixf^u, {x)\ = O (e^"^) , e — >0 



Gs, 



X)e ^ '5* : ^ Ziym G Z+, sup (x)| =0 — > 



We have also the following corollary which is an other characterization of the algebra Gs- 
Corollary 16. We have 

Gs = Gs* n Gg^i , 



where 



X), e 5* : V/? G Zl,3m G Z+, sup ^^m, (0 = O (e-™) , e — ^ 



G : V/5 G Z!^, Vm G Z+, sup I^^C (01 = (e™) , e — ^ ol 



We also know that when TZ = B we obtain Gs = Gf ■ The next result, which is a corollary of 

theorem [S] for TZ = B , gives a characterization of Gs'- 
Corollary 17. VFe /laue 

where 

[u,)^ G S*^ : 3m G Z+,Va G Z'[, sup |a°M,(x)| = O (e"'") , e — ^ 



/->oo 



X), e 5*^ : Vm G Z+,Va G Z*^, sup {x)\ = O (e'") ,e — ^ 



and 



Gf-- 



[Ue), e si ■ 3m G Z+, V/3 G Z^, sup (x)| = O (e"™) , e — ^ 

I (tie), e : Vm G Z+, V/3 G Z!^, sup (x)| = O (e™) , e — > I 



We have also the following result obtained as a corollary of the theorem 
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Corollary 18. We have 



not 




where 




(u,)^ eS* : 3m e Z+, V/3 e Z!^, sup le^tT, (01 = (e— ) , e ^ 



(ue)^ eS* : Vm e Z+, V/3 e Z!^, sup {^I^Ue (0 1 = O (e"^) , e — ^ 
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